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R—IED (F)

fil7E 1.
Show that Iim1 =0.
n—oo n

pildE 2. (faEEEH] 1-1)

Show that limc=c.

n—oo

HE2EEMRNE © 2023
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B—E FOERH

i 3. (FEEEHEH] 1-2)

Show that limn=oo.

n—oo

Bl 4. (K5EEHEH] 1-3)
Show that lim(5—n)=—-o0.

n—oo
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PR 5. (WD) 1-4)

Show that lim(n®+n+1)=o.

n—oo

Bl 6. (FHZEHH] 1-5)

Show that lim+/n =,

n—oo

HE2EEMRNE © 2023
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BIE 7. (FE8f 1-1)
Let a,=(-1)", show that {a } diverges.

fIRE 8. (WizE&tt 1-2)
If lima,=L and lima, =M ,then L=M .

n—oo n—w
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B 9. (ffize#tt 1-3)
If lima, =L, then IN eN such that,if n>N,then [a |<1+[L|.

n—oo

(IRE 10. (WIFEHHT 1-4)

M
If limb, =M %0, then 3IN €N such that, if n> N, then |bn|>u.

n—o 2

1-6
HE2EEMRNE © 2023



B—E FOERH

B HIBRMERIEE

1. PYRIEESY
# lima,=L H limb,=M > ceR * HI:

(1) lim(c-a,)=
(2) lim(a,+b,) =
(3) lim(a, b,)=

@ % M=0 Ko lim(2)=

n—o bn

Gkl
(1) Given £>0
~lima, =L
~ 3N eN suchthat,if n>N, |a,-L|<——
|c|+1

Now, forsuch N,if n>N,

then |c.an_c.L|<|c||an_L<|c|.|C|L+1<g

Since ¢ isarbitrary, lim(c-a,)=c-L Q.E.D.
n—o0o

(2) Given £>0
wlima, =L and limb, =M

~3N,eN such that, if n>N,, an—L|<§
IN, N such that, if n>N,, bn—lvl|<§

Now, forsuch N, and N,,if n>max{N,;,N,},
then |(an+bn)—(L+M)|=|(an—L)+(bn—M)|s|an—L|+|bn—M|<§+§:g
Since ¢ isarbitrary, lim(a,+b,)=L+M Q.E.D.

(3) Given £>0
wlima, =L and limb, =M

~3N,eN suchthat,if n>N,, |a,—L|<——
2(M +1)
3N, eN such that, it n>N,, |b,—M|<——
2(1+IL)

1-7

SRIBEPRELZE http://www.changhsumath.com



j(iﬁ yfg ( )

AN, eN such that, if n>N,, |a,|<1+|L|
Now, forsuch N,, N, and Ng,if n>max{N,,N,,N,},
then |(a,-b,)—(L-M)|=la,-b,—a,-M +a,-M -L-M|
<[, b, =M]+|M]la, ~L|

&
<(1+||_|)— M|——
2(1+ |L|) 2(M +1)
E £
<—+—=¢
2 2
Since ¢ isarbitrary, lim(a,-b,)=L-M Q.E.D.

.11
(4) First we show that lim—=—

n—oo

Given ¢>0

~+limb, =M
MZ
3N, eN such that, if n>N,, |b,—M|< 2‘9
|'V'|
N, e N such that,if n>N,, b|>

Now, for such N, and Nz,lf anaX{Nl,Nz},

‘ b, — M| 1 MZ%
then | ——-— e =
M| IMIIMI 2

1

Since ¢ is arbitrary, Iim(b—) = M
n—oo

. a . 1 1 L
Finally, by (3), we have lim(—=)=Ilim(a,-—)=L-—=—
aly, by (3) we havefim () =lim(@, 1) =L+ = 1
2. AIRER
< {a,}ck H lima, =L,
a# f(x) &£ x=a, FAERHAME x=L R#EH
HI . limf(a,) =
BILl
Given £>0
.+ f(x) iscontinuousat X=L
~1im £ (x) = (L)
Thatis, 36>0 such that, if [x—L|<d, —f(L)|<e

Now, for such 6 >0

1-8
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lima, =L

..dIN €N such that,if n>N,
Now, forsuch N,if n>N,
then |an - L| <9 and thus | f(a,)—f (L)| <&
Since & is arbitrary, r|1l_r>2 f(a,)=f(L) Q.E.D.

a,—-L|<s

B—E FOERH

{5 1.
Find the following limits.
2 _ 2
(1) lim Ijn+5 @) Iim4n2+2n 3 3) Iimn 1In+2
e 2n°+n+1 n>e 7n°—-3n+1 e 2n+5
1-9
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BilE 2. (RS2 2-1)
{O ,if0<a<1

Show that lima" = )
o ,ifa>1

nN—oo

by definition.

1-10
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i 3. (FEEEHEH 2-2)
Find the following limits.
3-2"+5.3 . 5'-2.3" . 7-8"+2"

1) lim 2) lim 3) lim——
( ) neoo(_3).7n_5.4n ( ) naw6.2n+3.5n ( ) naoo3n_25.4n

1-11
SRIBEPRELZE http://www.changhsumath.com



K—FES (T)

BiIE 4. (faEEEp] 2-3)
L‘L‘;(*’”Z +n-n)="?

PR 5. (SRR 2-4)
!]i_[po(n—»\/n ~1Jn-2)="?

1-12
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Bl 6. (FEEEHH 2-5)

limcos(Z) =2
Nn—o0 n
f]

BlIE 7. (haEEHEH 2-6)

lim(1+ )" =2
N—o0 n
&

1-13
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R—IED (F)

BIfE 8. (WEEHH 2-7)
lim%/5n = ?

N—o0

Bl 9. (ke 2-8)

Lij{]@(ln(n +1)—In(n))="?

1-14
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BR= BYEBERIBIRE

1.

AR FH — SR rR A AR SRR
& {a <R H f(x) £ [N,0) AEFHR
HEER n>N 55 f(n)=a, H lim f(x) = L

Given £>0

Ixm f(x)=L

-.AM e N such that, if X>M f(X)—L|<8
Now, for such M ,if n>max{M,N},

then |aT1 —L|:|f(n)—L|<€

Since & 1is arbitrary, rl]m a,=L Q.E.D.

Al
1
. .. Inn . Inx . Inxt,.
R olim— B F lim—= = lim—==limX =0
n—»wo N x—>o X Xx—wo X X—>00 1
. Inn
B lim—=0
n—o0 n

. RHEHRT OB A W

i Bl

limsin(nz) =1im0=0 {H limsin(xz) Af7fE

n—o0

1-15
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R—IED (F)

BiIE 1. (BRI 3-1)
ntan™n .
> In(l+n?)

Bl 2. (hagEapl 3-2)

2 1
lim n="7
rH°o(2n +1)

1-16
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ERN RIBEEE

e

& {a.}h{o}{c}c=R
O FAE— BB N SN2 n=N Hlb <a, <c,

@

HI @ lima, =L

n—o0

Rt

Given >0
~~limb, =L

~.IN; €N such that, if n>N,,
limc, =L

~.3AN, eN such that,if n>N,, Cn—L|<6' and thus C, <L+¢
Now, forsuch N, and N,,if n>max{N;,N,},

then L—¢<b, <a,<c, <L+¢& and thus |an—L

b,—L|<& andthus b, >L-¢

<&

Since & 1isarbitrary, lima, =L Q.E.D.
n—oo

* .
* "Cn
* .
.’ .-a
’0’ Aibn
*
) 0”
[ ]
[ N J ’00’
Loeatle S383038sss
° 0o .AAAA
.. AAAA
AAA
AA
A
||||||AA||||||||||||||||=
A
A
A
A
A
A
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R—IED (F)

{5 1.
lim 200 =9

n—oo n

e 2. (hagEapl 4-1)

1-18
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P8 3. (faEEEifp] 4-2)

im& =2 (a>0,a%1)

n—o nl

1-19
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R—IED (F)

B0 ERAYAFREAT

1. BRESI LRSS
(1) HEEREREE n 59F a,, <a, ’ AR {8} &
(2 HHESEEH n 5F a,,>a,  HIFLE {a)} %
(3) HEMERIEEH n 9F a,<a, ’ QMBI {a} &
(4) GHEREEH n 5F a,>a,  HIMIL {3} &
(5) LA LPUREERY A 2 B B

2. BHIN LRI
(1) HHFFEEH M EEHESEREHE n 54

g
25|

el
L3¢l

 AIRELEE {a} A LS

(2) HFELEH M HEEERIERE n B59F

AL {a,} A TS

() HHFEIEH M (HREEERERE n 194

 HIRBIL {a,} AR

3. RLHA RBEIW T

1) B {a} EHA LR BILKE
@) F {a,} EHA TR > BRI
() B {a,} HFAF > LI

1-20
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{5l 1.
Let a,=1 and a,=./2+a ,,showthat {a } converges and find its limit.

B8 2. (faEEEH] 5-1)
Let =2 and a = 2—i ,find lima,.

a n—oo

n

1-21
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BRI\ RE

1. KRR DB
(1) AERRYGER RIS R WA R RS % T
Q) KEHBITH: S, =limYa,

@) & @ WTE s, =Ya, 2% Ya (HHH (partial sum)
k=1 k=1
2. BRI
EQ {ak}QR

iak:Le]R =

k=1

IERFRIE S a, KR (converge) B L » AHIRBEERL (diverge)
k=1

{5 1.

22
——
Z4k2—1 '

k=1

1-22
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Bl 2. (BRI 6-1)
= k?-3k-2
; k2(k +1) ?

Bl 3. (bl 6-2)

2 1
kz_;‘k(k D (k+2) =7

1-23
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R—iED (F)

ffRE 4. (W5EEHEf) 6-3)
=K
2 (k+1)! ?

k=1

B 5. (HisEBM 6-1)
Show that if Zak converges then lima, =0.

.

1-24
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Bt RHMERNEE

L LB MR Y
% Ya=AH 3b=B>cecR  Hl:
k k=1

1) Z(C'ak) =

(2) Z(ak +bk) =

® Y -b)__AB

: a A
@ 269 5

b
A
1) > a=A
k=1
I|m2ak

= Y(ca)=limd(c-a)=limc-Ya)=c-A
k=1 k=1 k=1

o0

2 ~>a=Aand ) b =B
k=1 k=1
n n
~lim) a, =A and lim> b =B
n—o k=1 Nn—o0 k=1
= Z(ak +b.)=1im Z(ak +b) = Iim(Z:ak +Zbk) =A+B
k=1 N—o0 k=1 N—o0 P 1
(3)(4) Counter example:

1 1
Let a =(=)" and b =(3)"
et ,=(3)" and b, =(5)

1 1
Ay o3 L o S =S A2
Z 53 2 kZ—gz— =1

1-25
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Ay 2 1
R N TP
and Z(— Zl_ —z§k——2—2¢I QED
k=1 k=1 7) k=1 1_5
2

(bmEH RS2 F AR EIEE » £ N —EEREHR)

B 1. (heEEHEH] 7-1)

True or false?

(A) Zak converges and Zbk diverges, then Z(ak +b,) diverges.
k=1 k=1 k=1

(B) Zak and Zbk both diverge, then Z(ak +b,) diverges.
k=1 k=1 k=1

©) Zak and Zbk both diverge, then Z(ak +b,) converges.

(D) Z(ak +b,) converges, then Zak and Zb both diverge.

k=1

1-26
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B\ REERE— | FLEH

S EEBOR S LEAR B

L oa,=ar" Al

(1) {a,}={aarar’,.} WBAELLEG] (geometric process)

0 7 4
(2) lima, =4a =
BE =
@) Ya =Y ar'=a+ar+ar’+.- BRFLARY (geometric series)
k=1 k=1
® & —1l<r<1
4) Zak i [
-  Er<-18r>1
#tHH
Proof of (4):

n
Let s,=) a =a+ar+ar’+---+ar"",
k=1

then rs, =ar+ar’+ar®+---+ar"

= s, —rs, =(a+ar+ar’+---+ar"*)—(ar+ar’+ar’+---+ar")y=a-ar"
] a .
a—ar — Jif =1<r<l
= 5 = ={1-r Q.E.D.
diverges ,ifr<-lorr<1

1-27
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B8 2. (faEEdifp] 8-1)
“ K
237 =7

k=1

e 3. (bl 8-2)

) k2
23—k=?

k=1

1-28
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EEN RHEEHUEZ [ p-

R

p-ABEE

1 .
an:F (p>0)’E\U .

< - 1 1 1 . >
1) Da =) ==1+++ MR p-AREL (p-seies)
o ak? 2k 3
Z ek | Hp>1
(2) Zak % e
= W, H 0<p<l
GZiE!
For p=1:
< 1111111
Da=l+s+ S+ S+ S+
] 2 3 45 6 7 8
1111111
S>l+—+=—+-+=+=+=+—+-
2 4 8 8 8 8
1 11
=l+—+—+=+-=
2 2 2
For p<1:
Zak—l+—+i+ >l =
3° 2 3
For p>1:
Let Sn=Zak,
k=1
h 1 1 1 1 1 1 1 1 1
then S +?+§+F+5—p 6_p+7_p+8_p+ F
1 1 1 1 1 1
<l+—+—F—+—+—+—+—+ — 4
2p 3P 4p 5P 6P 7P 89 np
11 1 1 1 1 1
<l+—+—+—+—+—+—+—+:-
2p 2P 4p 4P 4P 4P 8P
2 4 8
=l+—+—+—
2p 4P 8FJ

=14+ 277+ (25P) 4 (2P 4
T1-2t

= {s,} hasupper bound

{s,} increases

1-29
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~.{s,} converges and thus Zak converges Q.E.D.

k=1

{51 1.

. 1 .
Determine whether Z— converges or diverges.

0
2
k=1

I 2. (hegEaapl 9-1)
Determine whether im converges or diverges.

=

1-30
FREENRME © 2023



B—E FOERH

BT REERE= | EBRERE

1. W@ EEL : (comparison test)
REHT RIS n 19H 0<a <h

Q) & Zb e > Al Zak

Q) & R HI Zbk

TTMS T

2. ERHm
[7] L 3 A R
1 & Zb PR > ANEE Zak

@ ¥ Ya, Wi FEE b, b

fAil7E 1.
) > 1 )
Determine whether ——— converges or diverges.
2k o e

1-31
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B 2. (H58EEH] 10-1)
Determine whether zi converges or diverges.

= In

e 3. (hagEaifpl 10-2)

0

) 1 .
Determine whether Z—| converges or diverges.

1-32
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ER+— REBELEN | BRIEBREHE

1. WaPRELE#SEE @ (limit comparison test)

SPEHERERSI 0 19H a,b, >0

Sa, 3 = Sb,

(1) & r=0HI:J° -
D b B = D a,
1 P}

(2) H reR H r=08]: <

Sa, ltft < Sh,

Sa, Heft = b,
k=1 k=1

b, N = iak

B) & r=c0 Hl:

TMS
I

. TR
MR H e AR O

S a, RS S b,
1) & r=0 K> v

b, BEOREE Y a, Bl

S, BEORRE Db, B
(2) ,Zé; r=oo H_:lﬂ:‘ s k=1 k=1

b, WRORIE S a, Wik

Sa, 3 < Sh,
k=1

1-33
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{5l 1.

Determine whether Zsin(%) converges or diverges.

k=1

Bl 2. (hagEaifpl 11-1)

. = Ink .
Determine whether —— converges or diverges.

k=1 kg

1-34
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BiE 3. (fEZEEF] 11-2)
Determine whether i 1

~3 42

converges or diverges.

Bl 4. (hagEsipl 11-3)

00

: 1 .
Determine whether Z— converges or diverges.

i VK3 +3k

1-35
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B+ RBEREL | LEEERCE
P EwSLE « (ratio test)
EHEREIERE n 5A a, >0
% r=lim&
n—ow an
W) = r<io 8 Ya,
k=1
@ % r>108: Ya,
k=1
@) # r=1-81:Ya
k=1
Gakell
1
g _1 s HI Tim 22 = jim —71_I|m——1 i} Za il RN
" n e N R R T Hy
n
1
e 1 . a . (n+1)? n’ = 1 s
= f limSe i Y gy S s
oA = I lim " N g~ [ vy, = T kzﬂ‘,ak Z‘kz g
nZ
Bl 1. (WSEEHH 12-1)

= (2k)!

Determine whether Z =
k=1

@3

converges or diverges.

1-36
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Bl 2. (hEHH 12-2)

. = kX .
Determine whether Z—I converges or diverges.

BildE 3. (HEZEHEH] 12-3)
© k
Determine whether zk'

=

converges or diverges.

1-37
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EH+= REEHOEN | IREFHCE

BUEERLE © (root test)
REMERIEEE n 9A a >0

1
< r=Ilim(a,)"
n—o0

1) & r<1-Hl:>a

k=1

@ % r>178: Ya,

(3) HI D
k=1
Gl
" an=% » ] Iim(an)ﬁ=|im(3)5:1 i iakzi% Z58y
o =1 Alllim(a, )”_Ilm( 2)n 1 i Zak= 1

n lk2

A EEHRE R AN B i B 1 TERE)

{1

) 2k .
Determine whether Z—k converges or diverges.

=

1-38
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Bl 2. (hRgEHp 13-1)

o0

Determine whether Z ! |()" converges or diverges.

2.0 %

P 3. (FszEHip] 13-2)
Determine whether i:k(l)k converges or diverges.

=1

1-39
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BTN RHABYEL I BOERE

B &k o (integral test)
REHEEIERE n 595 a >0 H {a} A EREY
B f(X) B—EFEE [N,o) ERVEERBIEERBHEETERE n>N BHE f(n)=a,

i :

3l

R

- f(x) decrease on [N,c0)
2> a= Y f(k)gj:f(x)dxgz fk)=>a,
k=N+1 k=N+1 k=N k=N

So, if I: f(x)dx diverges, then » a, divergesandthus » a, diverges
k=N

k=1
This shows that if Zak converges then L:O f (x)dx converges
k=1

On the other hand, if J:O f (x)dx converges, say j : f(x)dx=L,

then iak = iak + i a < iak +I: f(x)dx < iak +L
k=1 k=1 k=1 k=1

k=N+1

This shows that s = Zak has upper bound
k=1

In this case, since a, >0 forall neN, {s } increases, we have Zak converges
k=1

Therefore, I: f (x)dx converges if and only if Zak converges Q.E.D.

k=1

y="Ff(x

v

N | N+2 | N+4 |, N+6
N+1  N+3  N+5

1-40
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{5 1.
= 1
Di th ceof » ——.
iscuss the convergen kZ:z: Ik
Bl 2. (F5EEHEH] 14-1)
Discuss the convergence of ém for p>0.
1-41
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BiIRE 3. (hWSEEHH] 14-2)

o0 -1

. tan™ k .
Determine whether z 7 converges or diverges.
+

.

1-42
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EHTH RESEHE/\ | RERAELE

R EIIL ¢ (alternating series test)
EERIEREE n HA a,>0
% {a} EWEH lima, =0
1 VALE
Hrp i(—l)“*lak =a,—a,+a,—a, +a;—a+--- AR THAE
k=1

GZiE!

Note that s,, =(a, —a,) +(a;—a,) +(a; —ag) +---+ (a1 —a,,) »

{s,,} increasessince {a,} decreasesimpliesthat a, ,—a, =0 forall keN
Also, since S,,=a,—(a,—a;)—(a,—a;)——(a,, , —a,,4,)—a,, <aq forall neN,
{s,,} has upper bound

So {S,,} converges, say Lm S,, =L

On the other hand,
note that s, ,, =S,, +a

2n+1

since lima, =0,

n—o
lims,, , =lim(s,, +a,,,)=L+0=L
n—o nN—oo
Finally, since lims,, =lims, =L
nN— nN—o

o0

we see that lims, = L which means that Z:(—l)k“ak converges Q.E.D.

n—
* k=1

Pl 1.
= cos(kr)

Determine whether Z

=1

converges or diverges.

1-43
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BildE 2. (WSEEHEH 15-1)
: = (-D*k .
Determine whether Z— converges or diverges.

.

B 3. (hEEEfl 15-2)
kZzi,(—l) "

Determine whether

converges or diverges.
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EE 7N ABHULEFIR UK

1. @B (converges absolutely) &% :

& {a,}cR

1) Ya, WRAGHKHN

(2) & Ya, @R Bl Ya SR
k=1 k=1

Bzl

Note that —|an| <a, < |an| implies that 0<a, +|an| < 2|an|

00
Z|ak| converges
k=1

iZ |a,| converges
k=1

Thus, by comparison test, we have Zak converges Q.E.D.

2. B (converges conditionally) FFsEZ
i {3 }cR

# Sa, WRUBRBEIAL

-~
g(‘kl)k MR (R BB BRAE)
A g(‘kl)k “ 3L s (R ARG
AT g(‘kl)k P PR
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{5l 1.

0 n
Determine whether Z (=1) converges absolutely, converges conditionally or diverges.
k=2

~KInk

B 2. (H5EEHEH] 16-1)

. & (D) 2vk y .
Determine whether ZW converges absolutely, converges conditionally or diverges.
k=2 +
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o py

t B4R

1. B8 (power series) xR :

# fa}cR A kiak(x_a)k ¥ W AT
(1) Ht a %ﬁz‘%n@&o
() a, WBE K BHY
1
D z% R—fDL 0 ArLIRARE SRS K Rl L
IR xR IR HORRERIZ (—o0,00) * IKRCEES o
@ :Zo(x_z)k AL 2 ZAPOMERE . KRS K JOERES 1
B X—2/<1 BEURL  HORRERIA (13) @ WRCESS 1
2. WSO P BB R i <
# {a}cR >
W %= :zoak(x_a)k fE [x—a/=R EHegk > AIfE [x—a]<R E49Ik
@ & k“zoak(x_a)k fE [x—a|=R LI AIFE [x—a]>R L1930
3 % k“zoak(x_a)k fE [x—a|<R LHWRLELE [x—a|=R A AURE; -
I B2 kiak(x_a)k HO R - T BB 2 R
(4) AT A BRI 2 (ﬁtﬁﬁz;%ﬁ%mﬂxaﬂ BRI 2SI 3)
O m%e]& > AIRRREARS R =
@ % lim@,) ek * BMGCER R-
5) =R B :Zoak(x_a)k ZURCEE » B
© :zoak(x_a)k t AR
@ >la(x-a) 1t bR
= 1-47
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® Ya(x-a) fE [x-a|=R LAlAEUCRLthATAETERL

5151
X 1 1
T IR R = - -1
kz:: k BT | I
limh+l m>n+1
N0 E
n
weE X<l 05 S R B d>1 1 S %
k=0 k :ok
i x=1 K ZX? z% B (I8 p-BERUE)
=0 k=0

2 x=-1 0 3 =S s drmssm s

WeEE R - [-1,2)
HIEUE © (11
PRI IAEUE @ x=-1
U | (—o0,—1) UL 0)

IR ZLAN L

| |

I/R\./R\]l

v

|
a—R

P /O\ LEHIKR /O\ b

HE2EEMRNE © 2023
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BiIRE 1. (hSZEHH 17-1)
(_3)k Xk

Find the interval of convergence for Z .
k=0

k+1

BlIfE 2. (K5EEEEH 17-2)

o Nk k
Find the interval of convergence for ZM .

=L
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B 3. (K5EEHH 17-3)
. . 0 (_1)k XZk
Find the interval of convergence for Z

=R
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EH+/N\ BRENESR

1. BB HEREAMIEL
% {a.}{bjcR H ceR

23 Zak(x a) AUECEES R, A Zbk(x a)" B ER R, 0 A

(1) cZak(x a) —ank(x a) HHEBBEEE S

(2) Zak(x—a) +Zbk(x—a) :Z(ak+bk)(x—a) HHEBEEE A

il

0

BTl ZX? MBS 1 A z— FIMRICE IS % oo

k

© k © k ©
ST e DX FLHMECES S 1
o K i k! =k k!
Hox=1 B R ZX? Z MRl > AR 388
k=1

B ox=—1 I HIR ZX? il zkl PSR » MR R
R E AR BRI & R 2 [-1,2)

2. TGN :
# {a) (o)<
7 Zak(x a) MIRCHES ROH Sb(x—a) MMECHES R,  HI:

(1) [iak(x_a) ]{Zbk(x—a)k}i‘,ck(x—a)k HEWECE

(2) C =

BZlE!

Let 3o =(Yax)(> bx")

= (8, + X +a,X* +---)(b, + bx +b,x* +--°)

= C,=a,b,
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G = aobl + albO
C, = aobz + a1b1 + azbo

n
Continue this process, we have ¢, =a)b, +ab, ,+:--+a, b +ab, = Zakbnfk Q.E.D.
k=0

3. RRBIAERL :

FAEIIPRIAA % R
i
XZ 1 o 0 R
=X =x2. Y (=) = Y (=x)*? B #RRE A |-
D 7= R kEZO( X) k220( x)? HHWRAER [-x|<1

(2) R Tk B S ke
k=0 k=0

122 2 2

maERER 1 2345 -1 4916 25
FIsR =14 2x+2X% + 23 +- - 123 4 5
2 6 12 20

B 2 4 6 8
(3K L+ 2 + 26 +2X + ) 2 6 12
P 2 4 6 -
=(X+2X7 + 33 +4x* + - )L+ 2x + 2x2 +2x% + ) 7 6
=X+Q2+2)X*+(2+4+3)X°+(2+4+6+4)x* +--- 2 4
=X+4x*+9x>+16X" +--- 2

= ikzxk
k=0

4. BB

& {a,}cR

% :zoak(x_a)k FOCRCE R R

(1) # (a-R,a+R) LA[ZHMS

@) (;j—xgak(x—a)k _ gkak(x—a)“ HHIRCE S5

il
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£ (—o0,00) L

5. BRBIIRY

& {a}cR

3 kiak(x_a)k YRCEISE R

(1) % (a—R,a+R) _LR[ZIERED

@ | kﬁ;,ak(x—a)kdx=ika—+k1(x-a)k+l+c B2

k=0 _

il

) Xk ) Xk+ 0 X
f (one) Lo @de‘gk!(ml)*C‘g(kmﬁc

1 k+1

BIRE 1. (F52EHH] 18-1)
Express ﬁ

as Zakxk and find the radius of convergence.
k
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BildE 2. (WA 18-2)

Express the following functions as Z:akxk and find the interval of convergence.
k

1
M 1+x

= (2) tan'x
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B 3. (K5EEHEH 18-3)

Express the following functions as Z:akxk and find the interval of convergence.
k

M) Inl=x) @) In@l+x)  3) |n(i—§)

1-55
SRIBEPRELZE http://www.changhsumath.com



K—FES (T)

PIRE 4. (REEEGERH) 18-4)
1
Let f(0=r—

Express f'(x) and f"(x) as Z:akxk and find the interval of convergence.
K
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EHTh RHRFARERE

1. F#PEY (Taylor series) PlFEHZ A (Taylor polynomial) :
1) #H f0=>a(x-a)

x—a|<R |l a, =

() & f(x) £ x=a Ao mRZR

HIEF f(x) £ x=a MRS
() f(x) 1& (IR BN AR R 25 K6 S 55 MAAR L. (Maclaurin series)
(4) #H f(x) £ x=a BZIEEMS N 20

HIEHTRE 1<n<N

AEFE f(x) f£ x=a I n BRHZEAS

]

Proof of (1):

f(x):iak(x—a)k =a,+a,(x—a)+a,(x—a)’ +a,(x—a)’+--

- f(@)=a, and f'(x)=a, +2a,(x—a)+3a,(x—a)’ +4a,(x—a)’

= f'(@)=a, and f"(x)=2a,+2-3a,(x—a)+3-4a,(x—a)’--

= f"(@)=2a, and f"(x)=2-3a,+2-3-4a,(x—a)+3-4-5a,(x—a)*+---

= f"(@)=2-3a, and f®(x)=2.3-4a,+2-3-4-5a,(x—a)+3-4-5-6a,(x—a)’ +--

Continue this process, we have f®(a) =k!a, andthus a, = f(:l(a) Q.E.D.
2. Z4hen

B f(x) £ x=ael (I 2—EEM) LrlfST n+l R
HIEHER xel WA f(x)= » Hrp
(1) P(x)= Bl f(x) £ x=a B n FERHZIER
(2) R/(x) M8%& f(x) &£ x=a M n FEERIE > HREXALITHAE

® R (X)= » Hep £ NME a 1 ox ZfE

@ R(=

157

SRIBEPRELZE http://www.changhsumath.com



K—rED (T)

() & f(x) £ [a—r,a+r] |k n REFAH > BHIE (a-r,a+r) £ n+l XAJHK
FFEE® M, #18E (a-ra+r) 8A |09 <M,

HIHMER xe(@a-ra+r) HA |R(X)|< <

HA

h=11(3

By the fundamental theorem of Calculus,
we have j f(tydt = f(x) - f(a)

= f()=f@+] f'@d

Applying integration by part on j f'(t)dt,

we have j f(t)dt = (t-x) F' O - j (t—x) f"(t)dt = (x —a) f'(a) + j:(x —t) f"(t)dt
= F()=f(@)+(x-a)f(@)+[ (x-t)f"(t)dt

Again, applying integration by part on _[ ax (x—t) f"(t)dt,

we have L%x—t)f”(t)dt:—@ Frt)| — J‘ax—@f”’(t)dt

(X_a)2 " X(X_t)2 m
= '@ i (e
' (X_a)2 " X(X_t)2 "
= f(x)=f(@)+(x-a)f (a)+Tf (a)+-|.a Tf (t)dt
C.ontinuous this process,
we have f(x)=f(a)+(x—a)f ’(a)+% fr@)+---

+02 po gy [ o g
n! a  nl!

=R (x) +R,(x)

where P.(X) = f(a) + (x— a)f(a)+( ) f7(a) + (X;—?)nf(”)(a)
Zf(k)(a)(x a)"

and R (X)= j (X t) £ (1)dt = j fM(t)(x t)"dt

(n+1) t
Next, applying the mean value theorem for integral on L T() (x—t)"dt,
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X (n+1) (n+1) .
we have L\ %(X —1)"dt = %J‘a (x—t)"dt, where & isbetween a and X

(X_t)n+l e B (X_a)n+1
n+1 |a n+1

Note that J.:(x —t)"dt =-

(n+1) (n+1) n+l (n+1)
RGP O NLS A Tl

n! n+l  (n+1)!

Finally,if f(x)eC"[a—-r,a+r], f"(x) existson (a—r,a+r),
and there is a positive number M such that ‘ fi(n+) (x)‘ <M, on (a—r,a+r),

f (n+1) .
l)'
M | ] | |n+1 M rn+1

(n +1)' (n +nl)'

then,on (a—r,a+r), (note that £ is between X and a)

<

Q.ED.

i 1

Find the Taylor series of e* about X =0. (That is, the Maclaurin series of e*.)
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Bl 2. (hREHH 19-1)
Find the Taylor series of SinX about X =0. (That is, the Maclaurin series of SInX.)

BiIRE 3. (hWSEEHH] 19-2)
Find the Taylor series of COSX about X =0. (That is, the Maclaurin series of COSX.)
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B 4. (K5EEHH 19-3)

Find the Taylor series of e*sinx about X=0. (That is, the Maclaurin series of €*sinx.)

fIRE 5. (k5SEHIB] 19-4)
Find the Taylor series of tanx about x =0. (That is, the Maclaurin series of tanx.)
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BlfE 6. (K5EEHH 19-5)
Find the first three terms of the Taylor series of \/; about x=4.

B 7. (k5B 19-6)
Let f(x)=cos’x, find f®*(0)
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Bl 8. (hEHH 19-7)

Estimate e by using Taylor series so that the error is less than 107°.

B 9. (WM 19-8)

Use 2" order Taylor polynomial about a=8 to approximate 3/x and estimate the error on [7,9].
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